We construct the Darboux transformation for a generalized two-dimensional Dirac equation. We apply our result to the Dirac equation in the cylindrical coordinates. We get two types of formulas for the construction of the exactly solvable Dirac equations in the cylindrical coordinates.
Introduction
The Darboux transformation method [1, 2, 3 ] is one of the major tools for generating exactly solvable models of mathematical physics. For the first time the Darboux transformation method was applied for construction of exactly solvable one-dimensional Schrödinger equations [1, 2] . At present the Darboux transformation method is generalized to (1 + 1)-dimensional Schrödinger equation [3, 4, 5] , Dirac equation [6, 7] and Schrödinger equation with effective mass [5] . Recently the Darboux transformations were constructed for the generalized Schrödinger equations in (1 + 1)-dimensions [8] . In present paper we construct the Darboux transformations for the generalized Dirac equation in (0 + 2)-dimensions. Also we consider possible physical interpretation of our results.
The structure of the paper is following. In Section 2 we apply the Darboux transformation method for the generalized two-dimensional Dirac equation and construct the formulas of transformation operator and transformed potential. In Section 3 we consider the Dirac equation in cylindrical coordinates as a particular case of the generalized Dirac equation. In Section 4 we apply formulas obtained in Section 2 to the Dirac equation in cylindrical coordinates and construct two types of the Darboux transformations for this equation. In Section 5 we briefly discuss our results.
Darboux transformation for the generalized two-dimensional Dirac equation
Consider the general two-dimensional Dirac equation:
where
E is the energy. Let us multiply eq. (1) by N −1 (x, y):
Let us construct the Darboux transformed equation in the following form:
Generalize the Darboux transformation method to equation (2) . Consider the intertwining relation
where L = A(x, y){∂ x +B(x, y)} is the intertwine operator; A(x, y), B(x, y) are 4×4 matrix functions. Thus, we have the following system:
From (6) we obtain the relation for Θ 1 :
It is easily to find that
where u satisfy the following equation:
Thus u is solutions of initial matrix equations:
and
In the simple case
Let us multiply eq. (3) by N(x, y); then
Dirac equation in cylindrical coordinates
Consider the Dirac equation
The cylindrical coordinates are the following r = (x, y, z), x = ρ cos (φ), y = ρ sin (φ), z = z.
Suppose that ψ( r) = ψ(ρ, φ) exp (ip z z). We have
. Also there are relations:
Darboux transformations for Dirac equation in cylindrical coordinates
Multiply (18) by ρ and α
−1
φ from left:
Let us to make symbolic designations γ = ρα
In accordance with the Darboux transformation of the generalized two-dimensional Dirac equation we have
where u is a matrix solution of the initial matrix Dirac equation (18).
By
The expression (23) is more simple than (22), such as α
As a result of this Section we have two type of the Darboux transformations for the Dirac equation in cylindrical coordinates:
and (26)
From the Section 3 it is evidently that there are two types of the solvable Dirac equations:
Here ϕ are solutions of the initial Dirac equation in cylindrical coordinates. In the three-dimensional case the Dirac equations with transformed potentials have the following type of solutionsφ =φ × exp (ip z z).
Conclusion
In present paper we construct the Darboux transformations for a generalized Dirac equation.
In fact, the Dirac equation in cylindrical coordinates is particular case of the generalized Dirac equation. Our calculations allow to construct the exactly solvable three-dimensional Dirac equation with potential dependent on two variables. Note, that the Dirac equation in cylindrical coordinates may be applied for the consideration of the channeling of charged particles in a crystal [10] .
